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Abstract-The "embedding technique", developed by Boley is applied to a hollow cylinder with an ablating
inner boundary to obtain a general starting and short time solution. Numerical results are obtained giving the
motion of the ablating boundary and the temperature distribution in the vicinity of the moving boundary for
ice and lead.

1. INTRODUCTION

A CLASS of heat conduction problems in which the medium changes its phase at a specific
temperature with emission or absorption of heat has gained considerable importance
in the last decade.

The first exact solution to this class of problems, employing the similarity method,
was given in 1860 [1]. Springer and Olson [2, 3] obtained numerical solutions for problems
involving axisymmetric solidification and melting of a medium bounded by two con­
centric cylinders of finite length.

Boley [4] introduced the "embedding technique" for such problems. The actual body,
in which the temperature distribution and the position of the transition region between
the two phases have to be determined, is considered as a part of a fictitious body which
envelops it completely. The heat flux at the surface of the fictitious body is determined from
the specified conditions on the transition surface of the actual body. This allows one to
assign a simple geometry to the fictitious body, even though the actual body may be quite
complicated, and simplifies the formulation of the problem. This method was also used to
solve some problems with moving boundaries for finite regions, such as slabs subjected
to various boundary conditions [5, 6]. Reference [5] has a comprehensive bibliography
for such problems.

In the present paper the embedding technique, which was used by Boley [6] to obtain
a starting solution for a finite slab, is applied to a hollow cylinder with an ablating inner
surface, in order to obtain the starting solution. An example for such a problem is a solid­
fuel rocket where the fuel core is burning from the inside out. The solution is given for
the axisymmetric case with a constant heat input up to the melting time at the inner
boundary, the outer boundary being kept at ambient temperature. The problem is formu­
lated in terms of dimensionless parameters, so that the temperature distribution and the
position of the moving boundary of the cylinder can be obtained for a large class of
materials.
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2. THE FORMULATION OF THE PROBLEM

Consider a hollow cylinder (Fig. 1) of inner radius a and outer radius b, subject to the
boundary conditions

n;, o < t ::; tm-k-~- = Qb at r = a
or (1)

J;, = 0 at r = h o < t ::; tm

where k is a constant. Tb(r, t) is the temperature (before melting) and Qb is the prescribed
heat input. Equation (1) together with a prescribed initial temperature (here taken as
zero), and with the heat conduction equation

a::;r::;h

o< t ::; tm

give a complete formulation of the problem up to the time of melting.

(2)

r
I

a

b

FIG. 1. Cross section of a hollow cylinder with a moving inner boundary.
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Let tm be the time at which the inner surface temperature reaches the melting tem­
perature Tm , so that

T,,(a, tm) = Tm •

In terms of dimensionless quantities, the solution of equation (2) can be written as

where

r
R =-,

a

bP=-,
a

t
Y =--1

tm

and J0, J 1, Yo, Yt are Bessel functions of the first and second order and first and second
kind respectively and Ai are the roots of the equation

J 1(Ai) Yo(AiP) - Jo(AiP) Y;(Ai) = 0

Equation (3) can be expanded in a power series which is convenient for use in the
computations after melting:

where

ex) n

(}b = L L aniyi(R-l)n-i
n~Oi~O

y~O

aoo = (}b(r, y)! = 1
R~l

y~O

a2l = 0

a - qb K 2 ~ J~(AiP) A2 - KdA.2

22 - - m d i~l Ji(Ai) _ J5(AiP) i e •

a30 = -!!!!-[l + f J~(AiP) e- KdA.1J
3m i~lJi(A;)-J5(AiP)

(4)
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For t ~ tm the temperature distribution (denoted as T) must satisfy the equation

(5)

a +s(t) < r < h

subject to the conditions

T[a + s(t), t] = Tm

aT ds
-k-~ =Qb-pl-

c7r dt

T(b, t) = 0

r = a+s(t)
(6)

Where s(t) is the thickness of the ablating region and p and l are the density and the latent
heat respectively. The actual cylinder of varying thickness is replaced by an equivalent
one of the constant thickness (b-a), as shown in Fig. 2.

The heat input on the equivalent cylinder at r = a is [Q*(t) +Q'(t)] where Q*(t) is the
analytic continuation of the actual heat input Qb, before melting, into the region t > tm ,

while Q'(t) is an unknown fictitious function of time. The temperature T* due to the given
Q*(t) is simply the analytic continuation of the temperature Tb before melting. The tempera­
ture T due to the unknown function Q'(t) can be obtained in the form of a Duhamel
integral:

i t a1~
T(r, t) = Q'(t - r) -~-(r, ,) d,

o c,

where To is the temperature distribution in an infinite region with zero initial temperature,
bounded internally by a circular cylinder with radius r = a, [lJ and is applicable in this
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sf t) -+

a

!< t) + 0.< t}

I
I

r

I
I
1:....--------b-----:--------,r-t
I
I

*I

FIG. 2. Equivalent problems for the case of instantaneous removal of the melted portion.

case; as only a starting solution is sought therefore the effect of the outside boundary is
negligible.

_ 2(Kat}l:{. r-a (3r+a) ~H r-a }
To(r, t) - Ii -r- I erfc2(Kt}~ -~(Kt) I erfc2(Kt)l: + .. ,

for small values of Kt/a2
•

The temperature distribution in the body after melting is

T= T+T*

(7)

(8)
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Substitution of equation (8) into the first two of equations (6) gives the following two
simultaneous integro-differential equations for the two unknowns s(t) and Q'(t):

2(Ka)t it
-

tm
Q'( )1' 1ex

p
( - 4~(~.~:J (3r+a) .' ~ (.r-a) fl d

- - t-T--- ---K" eric r (9)
k r 0 2.Jn (r-tm)! 16ar [K(T-tm)]l

00 n

+ Tm L L anyi(R _l)n-i = Tm
n~Oi=O

(0)

ds
Q* +pidt

where r = a +s(t) and s(tm) = O.
If the problem is confined to small times, y « 1, i.e. a starting solution, then the second

term of equation (9) in the brackets is small as compared to the first term and therefore can
be neglected.

This system of integro-differential equations can be written in terms of dimensionless
parameters and simplified under the following assumptions:

(a) The temperature distribution is continuous at the transition surface; therefore
aOO = 1.

(b) The dimensionless position ~(y) of the moving boundary Wy) = [s(t)/a]) is less
than unity. Thus the binomial expansion can be used. Multiplication of the double series
by the terms which appear in front of the summation signs, after regrouping, yields the
final form of this pair of integro-differential equations:

i
y Q'(y

o Qo

e ~ .;2(Y}/4Kal1 .:0 n

----,l-d'1 = - L L bniyi~n-i
11' n=1 i~O

(11)

Q.* ~ ~ i!'n-i+ d~(y)
-- L. L. CniY" q--
Qo n=Oi=O dy

(12)
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with e(O) = 0 where

1093

boo = aoo

blO = alO+H-aoo-i)

b20 = a20 +ialO

b30 = a30+!a20
and

Coo = maoo = -qb

CIO = 2ma20

pia
q=­

Qotm

bll = all

b21 = a21 +ial1

b31 = a31 +ta21

CII = ma21

b33 = a33

bn = an

bn = a32 +tan

e21
3

C20 = 3ma30-SJnaoo

3 3
C30 = 4ma40-SJna20 +SJnalO

3
2ma31 ---all

SJn

3 3
C31 3ma41-SJna21+SJnall

C22 = man

3
Cn = 2ma42 - 8Jna22

There are two unknowns in equations (11) and (12), namely Q'(y)/Qo and e(y), the latter
being subject to the condition e(O) = O.

These equations are solved for the case of the starting solution, which implies that
the leading term of the solution for e(y) will be obtained for the case of an arbitrary pre­
scribed Q*(y) after melting. Equation (12) shows that four terms give a contribution to the
rate de/dy at which the melting front advances, that is

(13)

where

(14)

(15)

(16)

(17)

(IS)
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If Q*(y) is equal to Qb after the melting then equation (14) yields the trivial solution
~l(Y) = O.

In order to evaluate ~2(Y), it is assumed that the leading non-zero term of the summa­
tion corresponds to some specific values of nand i, so that

d~2

dy

After the integration

'.::.i 11+ l
',,)

1 /+ I •

=-c·---+C
q "' i + I

(19)

(2li

where C is an integration constant. The condition ~(O) = 0 can be satisfied only if
i - n + 1 > 0, and since the range of indices in the double summation (15) requires 0 sis II

the only possibility which satisfies this assumption is n - i = O.
Thus

" () I enn n+ IS2V =-~-v
, q n+ I'

where n is the smallest integer for which Cnn oj:. O. The evaluation of ~3(Y) and ~4(Y) requires
a knowledge of Q'(y) which must be obtained from the other interface condition (II).

( d.4)rQ'(y -1/) ~xp -~K~~_d1/ = ., t I bniyi~3.41
~ 0 Qo 1] fl '~1 i = 0

where the use of subscripts as in ~3.4' stands for either ~3 or ~4' In order to obtain
it is assumed that the leading non-zero term on the right hand side of equation (20) cor
responds to some specific values of nand i. The resulting integral in the equation is simpli­
fied for short times in Appendix of Ref. [6J (A. I1) with n = t yielding

f.YQ'(y-lJ)d y i-fl-i
o-'Q~-- =- h"iY c;3.4

provided that the condition (AA) of Ref. [6J holds, equation (21) is a special case of Abel's
integral equation with the solution given in Ref. [7]. Thus

Q'(YI ; d Ii. . .dv
-Q'" C~ b",.~ d.' (Y-11)1[~3ACV li)Y-'--)

o .,} 0 1]

Equation (16) can be simplified f07 short times by means of equatlOH (A. 1I) of Ref.
with n = t.

Therefore

Substitution of (23) into (22) and ignoring the value of t~3(Y) with respect to unity gives
the following equation for ~3(Y):

(24)
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(25)

Substitution of u = I'f/Y and du = dl'f/Y with the aid of equation (A.6a) and Ref. [6] and
using the following requirements: 1- n +i > 0; 0 .::;; n - i .::;; n, which yield n = i, the final
form of this equation with the aid of equations (A.12a) and (A.13) of Ref. [6] leads to the
desired result

~3(Y) = bnn22n+ 1 (n !)2
nq (2n+ l)!

where n is the lowest integer for which bnn t= O.
Comparison of equations (17) and (20) suggests that the complementary error func­

tion in equation (17) can be taken as unity. Substitution of Q'(y)lQo from equation (22)
into equation (17) gives

(26)

The following transformation with its limits of integration aids in the integration of this
equation:

'-Yf = V -dYf = dV Yf=y

Yf=O

V=O

V= y.

Introducing a new parameter u = YII'f produces an equation similar to equation (24).
Then a similar procedure to the one used on equation (24) leads to the following result:

-b 13 ')2n+ I(n 1)2,m K"" . n+..2

~-q8 d(n+i)(2n+l)!Y 2

where n ;;::: 1, Y < 1.
Q'(y)lQo is computed from equation (22) subject to the condition n = i.

Q'(y) = _ bnn ~ fY (y-Yf)d7.
Qo n dyJo I'f'

If n = 1 then

Q'(y) = -2~y!.
Qo n

The final temperature distribution in the body is

o= 0' +0b = 0' +0*

where

4b ll [ { R-l }]0' = --R'Y i2 erfc I
, 2V (J(dY)

for n = 1.
The solution O(r, y) is valid for

1 » y ;;::: 0 and R;;::: 1+ ~(y)

(27)

(28)

(29)

(30)

(31)
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where ((y) can be obtained from equation (13). Thus the starting solution of the problem
is obtained.

To extend the range of validity of this starting solution it is now assumed that the
following forms can be written:

Q'(y) f3 'f3 f3' fl 2Q;;- = oY" + lY+ 2Y' + )3Y

~(y) = ~OY~+~ly2+~2yj-+~3l

and f30 and ~o are taken from the starting solution:

4b ll
~o = -'­

n

f30 = -2~.
n

A more general heat input of the inner surface of the cylinder is assumed:

(32)

(33)

(34)
Q*(y) Qb ,. , 2-- = -+"y'+6y+av'+Qy .

Qo Qo I .

Substitution of equations (32), (33) and (34) into the dimensionless forms of equations (9)
and (10) with the aid of equation (A.3a) of Ref. [6J and expanding the error function in a
power series and by equating coefficients of like terms, all terms in the equations can be
accounted for.

2.
f30 = --blln
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The final temperature distribution in the hollow cylinder for the case of y 2:: 0 can be
written with the aid of equation (A.3a) of Ref. [6] as

O(R,y) = O*(R,y)+ .J: ±2P+lr(E+l)/3P_llP+l)/2erfc{ R-l }. (35)
R p; 1 2 2.J(Kdy)

3. RESULTS AND REMARKS

Results are given for two different materials with their physical constants and related
dimensionless parameters given in Table 1.

Curves showing the motion ofthe advancing inner surface are computed from equation
(33), with respect to ~(y) and y, and are presented in Figs. 3 and 4.

!(y)

INNER RADIUS a

DIHENSIO~LESS TIHE

y.25.10 .15 .20
FIG. 3. Advancing inner boundary for ice.

.OJ

.01

DIHENSIONLESS POSITION OF THE

INNER BOUNDARY !(Y)·~

.00

.02
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TABLE 1. MATERIAl.S CONSTANTS [81

Lead

Density (g./em')
Latent heat (eal/g)
Specific heat (cal/gtC)
Thermal conductivity (cal/cmtCi
Diffusivity (cm 2 /sec)
T",('"CI
tm {sec)

'I
'1/,/m
in

Kd

a(cm)
h(cm)
Qo

0·998
79·71

1·008
()·004
0·00397

100
1307·(j

5·866
I:?
0·043
0·0058

30
90

0·311

11·34
6·3
0·031
0·083
0·235

100
386·92

3·590
\
O·J79
0·\01

30
90

1·542

The temperature distributions in the vicinity of the inner boundary are plotted for
equation (35) for several values of time and are presented in Figs. 5 and 6.

Remarks

1. The starting solution of the position of the advancing boundary can be computed
from equation (13). This is written in the general dimensionless form:

~(y) = C1Y~ -C2Y~

where Ct and (2 are constants and the minus sign of C2 is due to the curvature of the
cylinder. This expression can be approximated for small values of y, such as y-- €, by

Lim ~(y) ;:::; Cl
y ....... e

[; « 1.

For the limiting case, the temperature distribution in the hollow cylinder is very close to
that of the starting solution of the finite slab case given in equation (32) of Ref. [6J by Boley.
Another way to obtain the slab equations from equations (19) and (10) is to obtain their
limiting values as r and a approach infinity.

2. In the temperature distribution, Figs. 5 and 6, the value () = 1·0 corresponds to the
position of the advancing boundary. When the position of the advancing boundary, as
predicted by these temperature distribution curves, is compared to that position predicted
by equation (33) (Figs. 3 and 4) the results show a good agreement up to y = 0·2. The
results show some discrepancy for Y > 0·2.
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DIMENSIONLESS POSITIO~ OF THE

INNER BOU~DARY :$ (y) •~

INNER RADIUS a

y.25.20.15.10.05

DIMENSIO~LESS TIME

• OJ

.04

~(y)

.03

.02

.00

.01

FIG. 4. Advancing inner boundary for lead.
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R1.009

e
DIMENSIONLESS TEMPERAltIRE e

DIMENSIONLESS RADIUS R

DIMENSIONLESS TIME Y

THE POSI TION OF THE

INNER BOUNDARY --_._--

~= 1.2
m

.....

" .....

" " "1.0

Flu. 5. Temperature distribution after melting for ice.
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e
DIMENSIONLESS TEMPER"TURE 9 THE POSITION OF THE

INNER BOUNDARY ---'-'-
OIMENSIONLESS RADIUS II.

DIMENSIONLESS TIME Y

..... ..... ..... .....
.... ..... ..... .... ..... ..... ....

.......... ....
..... ......... ......... ......... .......... ......... .....

..... ....
1.0 ....

II.1.0081.0051.0041.002

•99 .....-'---.,--_.L-..,..---~-_-i.-r---__
1.000

FIG. 6. Temperature distribution after melting for lead.
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A6cTpaKT··-McnOJlb1yeTcll, BbIBel\eHHbIH boneHeM, "MeTO;.I B;(OJKeHl1l1", )[JIll CJlyyall lIycrOiO UI1J1HIUlpa
c YMeHbwalOU\I1MClI BHyTpeHHblM KpaeM, L UeJIbfO 1I0JIy'leH1111 o6111ero peweHHlI B Ha'laJlbHOH nepHCU
BpeMeHI1 11 nnll KOToporo nepl10na BpeMeHH. ;}Jll1 nbna H CBI1Hua 1l0nY'la1OTClI 'lI1CneHHhle pC1ynbTaTbJ.
onpenenlllOU\He l\BHJKeHHe YMeHbwalOUIerOCll Kpall 11 pacnpeI\eneHl1e TCMllepaTypbl H cocenCTBe
nBI1JKYllll:HrOClI Kpall.


